This study focuses on nonlocal boundary value problems for elliptic ordinary and partial differential-operator equations of arbitrary order, defined in Banach-valued function spaces. The region considered here has a varying bound and depends on a certain parameter. Several conditions are obtained that guarantee the maximal regularity and Fredholmness, estimates for the resolvent, and the completeness of the root elements of differential operators generated by the corresponding boundary value problems in Banachvalued weighted L p spaces. These results are applied to nonlocal boundary value problems for regular elliptic partial differential equations and systems of anisotropic partial differential equations on cylindrical domain to obtain the algebraic conditions that guarantee the same properties.
Introduction and notation
Boundary value problems for differential-operator equations have been studied in detail in [4, 15, 22, 35, 40, 42] . The solvability and the spectrum of boundary value problems for elliptic differential-operator equations have also been studied in [5, 6, 12, 14, 16, 18, 29, 30, 31, 32, 33, 34, 37, 41] . A comprehensive introduction to differential-operator equations and historical references may be found in [22, 42] . In these works, Hilbert-valued function spaces have been considered. The main objective of the present paper is to discuss nonlocal boundary value problems for ordinary and partial differential-operator equations (DOE) in Banach-valued weighted L p spaces. In this work, the following is done.
(1) The continuity, compactness, and qualitative properties of the embedding operators in the associated Banach-valued weighted function space are considered.
(2) An ordinary differential-operator equation In the present work, we address the maximal regularity, Fredholmness, qualitative properties of the resolvent, and the completeness of the root elements of differential operators that are generated by these boundary value problems. These results are applied to nonlocal boundary value problems for elliptic and quasielliptic partial differential equations with parameters and their finite or infinite systems on cylindrical domains. In Section 1, some notation and definitions are given. In Section 2, certain background material concerning embedding theorems between Banach-valued weighted function spaces is presented. These spaces consist of functions that belong to E 0 -valued weighted L p space and their generalized anisotropic derivatives with respect to different variables belonging to E-valued weighted L p space. In this section, we show that there exist some mixed derivatives of these functions that belong to (E 0 ,E) θ -valued weighted L p spaces, where (E 0 ,E) θ are interpolation spaces between E 0 and E, and the parameter θ depends on the order of mixed differentiations and the order of spaces. Embedding theorems of such type have been investigated in [24] for Hilbert-valued L 2 spaces. In Section 3, coercive estimates in terms of the interpolation spaces (E(A m ),E) θ of the nonlocal boundary value problems for the underlying homogeneous ordinary DOE are proved. Next, in Section 4, we show that the boundary value problem for the above ordinary DOE generates an isomorphism (algebraically and topologically) between corresponding E(A m )-valued Sobolev spaces and
where θ k depends on m and on the order of the boundary conditions. In Section 5, the maximal regularity and Fredholmness of nonlocal boundary value problems on a cylindrical domain for the above underlying anisotropic partial DOE are investigated. In Section 6, estimates for the resolvent and the completeness of the root elements of differential operators generated by these boundary value problems are shown. Finally, in Section 7, the maximal regularity and Fredholmness of nonlocal boundary value problems for anisotropic partial differential equations and for their infinite systems, in general, are proved. Let γ = γ(x) be a positive measurable weight function on the region Ω ⊂ R n . Let L p,γ (Ω;E) denote the space of strongly measurable E-valued functions that are defined Ravi P. Agarwal et al. 11 on Ω with the norm
For γ(x) ≡ 1, the space L p,γ (Ω;E) will be denoted by L p (Ω;E) with norm f p . By L p,γ (Ω) and W l p,γ (Ω), p = (p 1 , p 2 ) we will denote a p-summable weighted function space and weighted Sobolev space (see [7, 38] ) with mixed norm, respectively.
The Banach space E is said to be ξ-convex [8, 9] if there exists on E × E a symmetric real-valued function ξ which is convex with respect to each of the variables and satisfies the conditions
The ξ-convex Banach space E is often called a UMD space and written as E ∈ UMD. It is shown in [9] that a Hilbert
, for those and only those spaces E which satisfy E ∈ UMD. UMD spaces include, for example, L p , l p spaces, and Lorentz spaces L pq with p, q ∈ (1,∞). Let C be the set of complex numbers and
A linear operator A is said to be ϕ-positive in a Banach space E with bound 
Let E 0 and E be two Banach spaces and let E 0 be continuously and densely embedded into E. Let l be an integer and (a,b) ⊂ R = (−∞,∞). Let W l p,γ (a,b;E) denote the E-valued weighted Sobolev space of the functions u ∈ L p,γ (a,b;E) that have generalized derivatives u (k) (x) ∈ L p,γ (a,b;E) included on (a,b) up to the lth order and with the norm
Consider the Banach space 
is called a multiplier from L p,γ (R n ;E 1 ) to L q,γ (R n ;E 2 ) if there exists a constant C > 0 with
for all u ∈ L p,γ (R n ;E 1 ), where F is the Fourier transformation. The set of all multipliers from L p,γ (R n ;E 1 ) to L q,γ (R n ;E 2 ) will be denoted by M q,γ
be a collection of multipliers in M q,γ p,γ (E 1 ,E 2 ). We say that H k is a uniform collection of multipliers if there exists a constant M 0 > 0, independent of h ∈ K, with
for all h ∈ K and u ∈ L p,γ (R n ;E 1 ). The theory of multipliers of the Fourier transformation and some related references can be found in [38, Section 2.2.1] (for vector-valued functions see, e.g., [26, 28] ). A set K ⊂ B(E 1 ,E 2 ) is called R-bounded (see [8, 39] ) if there exists a constant C > 0 such that for all T 1 ,T 2 ,...,T m ∈ K and u 1 ,u 2 ,..., 
(1.17) Definition 1.1. A Banach space E is said to be a space satisfying a multiplier condition with respect to p ∈ (1,∞) and weight function γ if the following condition holds: if Ψ ∈ C (n) (R n ;B(E)) and the set 
is R-bounded.
Note that in Hilbert spaces every norm bounded set is R-bounded. Therefore, in Hilbert spaces all positive operators are R-positive. If A is a generator of a contraction semigroup on L q , 1 ≤ q ≤ ∞ [25] , then A has bounded imaginary powers with (−A it ) B(E) ≤ Ce ν|t| , ν < π/2 [11] or if A is a generator of a semigroup with Gaussian bound [16] in E ∈ UMD, then those operators are R-positive.
It is well known (see, e.g., [25] ) that any Hilbert space satisfies the multiplier condition. By virtue of [28] , Mikhlin conditions are not sufficient for the operator-valued multiplier theorem. There are, however, Banach spaces which are not Hilbert spaces but satisfy the multiplier condition, for example, UMD spaces (see [8, 9, 39] 
(1.21)
Let σ ∞ (E 1 ,E 2 ) denote the space of compact operators acting from E 1 to E 2 . For E 1 = E 2 = E, this space will be denoted by σ ∞ (E). Denote by s j (I) and d j (I) the approximation numbers and d-numbers of the operator I, respectively, (see, e.g., [38, Section 1.16 .1]). Let 
for all cubes Q ⊂ R n .
Embedding theorems
Using a similar technique as in [29, 32, 33] , we obtain the following result.
Theorem 2.1. Let the following conditions be satisfied:
is a weight function satisfying the A p condition; (2) E is a Banach space satisfying the multiplier condition with respect to p and weight function γ; (3) A is an R-positive operator in E and t = (t 1 ,t 2 ,...,t n ), 0 < t k < t 0 < ∞; (4) α = (α 1 ,α 2 ,...,α n ) and l = (l 1 ,l 2 ,...,l n ) are n-tuples of nonnegative integer numbers such that
is continuous and there exists a positive constant C µ such that 
It is clear that (2.4) will follow if we can prove that the operator-function
is a multiplier in L p,γ (R n ;E), which is uniform with respect to the parameters t and h. Then, by using the moment inequality for powers of positive operators and the Young inequality as in [32, 33, 34] we obtain
where
Thus, in view of (2.7), due to R-positivity of the operator A (or, applying [39, Lemma 3.8], we can obtain this for UMD spaces), we find that the function Ψ t is a multiplier in L p,γ (R;E). Therefore, we obtain the estimate (2.4). Then, by using the extension operator in W l p,γ (Ω;E(A),E), from (2.4) we obtain (2.3). By applying a similar technique as in [29, 31] we obtain the following. 
is compact.
Theorem 2.3. Suppose all conditions of Theorem 2.1 are satisfied and suppose Ω is a bounded region in
, we obtain a multiplicative inequality
By virtue of Theorem 2.2 the embedding W l pγ (Ω;E(A),E) ⊂ L p,γ (Ω;E) is compact. Then, from the estimate (2.10) we obtain the assertion.
Similarly as in Theorem 2.1 we obtain the following result. 
is continuous and there exists a positive constant C µ such that
for all u ∈ W l p,γ (Ω;E(A),E) and 0 < h ≤ h 0 < ∞. Similarly as in Theorem 2.2 the following result can be shown. Theorem 2.6 [34] . Let E be a Banach space, A a ϕ-positive operator in E with bound M,
(2.13)
Proof. By using a similar technique as in [12, Lemma 2.2] , at first for a ϕ-positive operator A, where ϕ ∈ (π/2,π), and for every u ∈ E such that
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Then, by using the above estimate and [12, Lemmas 2.3-2.5] we obtain the assertion.
Let Ω denote the closure of the region Ω. Similarly as in [7, Theorem 10.4 ] we obtain the following.
Theorem 2.7. Suppose the following conditions are satisfied:
Then, the embedding D α W l p,γ (Ω;E) ⊂ C(Ω;E) holds, and there exists a constant M > 0 such that
Using a similar technique as in [30] and [38, Section 3.8], we obtain the following result.
Theorem 2.8. Suppose that E is a Banach space with base and
Then, 
Therefore, from the above estimates and by virtue of the inequality d j (I) ≤ s j (I) (see [38, Section 1.16 .1]), we obtain the assertion.
Consider a principal differential-operator equation
Let ω 1 ,ω 2 ,...,ω m be the roots of the equation
and let
A system of numbers ω 1 ,ω 2 ,...,ω m is called ν-separated if there exists a straight line P passing through 0 such that no value of the numbers ω j lies on it, and ω 1 ,ω 2 ,...,ω ν are on one side of P, while ω ν+1 ,...,ω m are on the other. As in [42, Lemma 5.3.2/1], we obtain the following result.
Lemma 2.9. Let the following conditions be satisfied:
(1) a m = 0 and the roots of (2.23) ,
is a closed operator in the Banach space E with a dense domain D(A) and
Then, for a function u(x) to be a solution of (2.22) , which belongs to the space W m p (0,b; E(A m ),E), it is necessary and sufficient that
Statement of the problems. Let Ω be a region in R N and Ω the closure of Ω. Let t = (t 1 ,t 2 ,...,t N ) ∈ Ω and let b(t) be positive continuous functions on the region Ω. Consider a nonlocal boundary value problem 
where h is a continuous function on [0,1]. We now consider a boundary value problem
where 33) in E, where A λ = A + λ, A, A α (x, y) and T k jν are, generally speaking, unbounded opera-
20 Maximal regular BVPs in Banach-valued weighted space
We denote α k jmkj by α k j and β k jmkj by β k j , k = 1,2. Let 
Homogeneous equations
Let L be defined as in (2.28) and consider the homogeneous equation
together with the boundary conditions (2.29). Let ω 1 ,ω 2 ,...,ω m be the roots of the characteristic equation 
Then, the problem (3.1), (2.29) for
and sufficiently large |λ| has a unique solution u ∈ W m p (0,b;E(A m ),E), and coercive uniformity with respect to t and λ, that is,
holds for the solution of (3.1), (2.29) , where k + j ≤ m.
Proof. 
We obtain from the above equalities that the determinant of the system (3.8) is the determinant-operator 
(λ,t)[ω(t)I + B(λ,t)]
−1 is uniformly invertible in E with respect to λ and t, that is,
Therefore, the operator D(λ,t) is invertible in E, and the inverse operator D −1 (λ,t) can be expressed in the form
Thus, D −1 (λ,t) is uniformly bounded with respect to the parameters λ and t, that is,
Consequently, system (3.8) has a unique solution for | arg λ| ≤ π − ϕ and |λ| sufficiently large, and the solution can be expressed in the form
where C ni (λ,t) are operators in E involving linear combinations of uniformly, with respect to λ and t, bounded operators A
. Substituting (3.14) into (3.6), we obtain a representation of the solution of the problem (3.1), (2.29) as 
where the constant C is independent of the parameters λ and t. Therefore, we obtain the estimate (3.5). 
Nonhomogeneous equations
holds for the solution of (2.28), (2.29) , where
Proof. By definition of the space W m p (0,b;E(A m ),E) and by virtue of the trace theorem in it (see [24] or [38, Section 1.8]), we obtain that the operator
Then, by Banach's theorem it suffices to show that this operator is bijective. We have proved the uniqueness of the solution of the problem (2.28), (2.29) in Theorem 3.1. Therefore, we need only to prove that the problem (2.28), (2.29) for all f ∈ L p (0,b;E) has a solution satisfying estimate (4.2). We define 
and u 2 is a solution of the problem
A solution of (4.4) is given by the formulã 
It follows from the above expression that
where k + n ≤ m. We show that the operator-valued functions
Fourier multipliers in L p (R;E), uniformly with respect to the parameter λ. Conditions (2) and (4) imply
Then by virtue of the resolvent properties of the positive operator A, we obtain
for n,k = 0,1,...,m, n + k ≤ m. Therefore, using (4.9), we obtain
and using (4.13) for all ξ ∈ R \ {0}, we obtain
It is easy to see that due to R-positivity of the operator A, the operator-valued functions H(λ,ξ) and H nk (λ,ξ) are R-bounded with R-bound independent of λ. Moreover, it is easy to see from the inequalities (4. 16) uniformly with respect to λ and t. Then, we havẽ
By virtue of (4.5) (or [38, Section 1.8]), we get that u 
Therefore, by virtue of [24] 
uniformly with respect to the parameters t and λ. Similarly, we get for k = 1,2,...,m 
Then, the estimates (4.19) and (4.25) imply (4.2).
Remark 4.2.
Let the boundary conditions (2.29) be homogeneous, that is, f k = 0. We consider a differential operator Q λ acting in L p (0,b;E) and generated by the problem (2.28), (2.29) , that is, for all solution of this problem we have
(4.27)
We now consider a boundary value problem (2.28), (2.29) with a k = 0 for k = 1,2,..., m − 1, a m = 1, and f k = 0 for k = 1,2,...,m, that is,
where L k are defined in (2.29) and where A λ = A + λ, A is, generally speaking, an unbounded operator in E and b = b(t), α ki = α ki (t), β ki = β ki (t), δ ki j = δ ki j (t) are complexvalued functions on Ω. By B we will denote a differential operator acting in F = L p (0,b;E) and generated by the problem (4.28) , that is, it is defined by (1) E is a Banach space satisfying a multiplier condition with respect to p ∈ (1,∞); (2) A is a ϕ-positive operator in E and 0 < ϕ ≤ π; 
BVPs for anisotropic partial DOEs
We consider a principal part of the problem (2.31), (2.32) , that is, the boundary value problem
we denote the roots of the equations
, where
Theorem 5.1. Assume that the following conditions are satisfied:
(1) E is a Banach space satisfying a multiplier condition with respect to p ∈ (1,∞) and with respect to the weight function γ(x, y) = x γ1 y γ2 , 
holds for the solution of the problem (5.1), (5.2) .
Proof. We first consider a nonlocal boundary problem λ ) l1 . Then, by using a similar technique to that in Theorem 4.1, we obtain that for all f ∈ L p,γ1 (0,1;E), | arg λ| ≤ π − ϕ and sufficiently large λ, the problem (5.8) has a unique solution that belongs to the space W l1 p,γ1 (0,1;E(A),E), and coercive uniformity with respect to λ, that is,
holds for the solution of the problem (5.8). We now consider in L p,γ (G;E) the boundary value problem (5.1), (5.2). This problem can be expressed as
where B is a differential operator acting in L p,γ1 (0,1;E) and generated by the problem (5.8) , that is, 14) and sufficiently large |λ|, has a unique solution u ∈ W l2 p,γ2 (0,h;E 1 (B),E 1 ), and coercive uniformity with respect to t and λ, that is, 
It is clear that
Moreover, for all u ∈ W l p,γ (G;E(A),E), we have 
Then, by Theorem 5.1, by virtue of equality (2.31), and the estimates (5.26), (5.28), and using the perturbation theory of linear operators [19] , we obtain the assertion. 
is compact. Since Qu = (Q + λ)u − λu, by Theorem 5.2 and by the perturbation theory of linear operators [19] , we obtain that the operator Q is Fredholm in L p,γ (G;E).
Let Q be a differential operator generated by problem (2.31), (2.32) . From Theorem 5.2, we obtain the following result. 
B(E1)
+ l2 j=0 1 + |λ| 1− j/l2 D j y (Q + λ) −1 B(E1) + A(Q + λ) −1 B(E1) ≤ M.(5.
Spectral properties of anisotropic differential operators
Consider an n-dimensional variant of the nonlocal boundary value problem (2.31), (2.32) on G ⊂ R n , that is,
Moreover, A, A α , and T kνki j are, generally speaking, unbounded operators in E. Let Q denote a differential operator in L p,γ (G;E) that is generated by the boundary value problem (6.1) and let B p = B(L p,γ (G;E)). 6) from the relations (6.5) and (6.6) we obtain the relation (6.4). Proof. The estimate (6.4) implies that the operator Q + λ 0 for sufficiently large λ 0 is ϕ-positive in L p,γ (G;E). Moreover, from Theorem 2.7 we obtain that
Then, by virtue of [13, page 277] we obtain the assertion.
Remark 6.3. We consider in L p (0,b;E) a degenerate boundary value problem
in a Banach space E, on the varying region 0 Under the substitution
the spaces L p (0,b;E) and W [2] p,γ (0,b;E(A),E) are mapped isomorphically onto the weighted spaces L p,γ (0,b;E) and W 2 p,γ (0,b;E(A),E), respectively, wherẽ
Moreover, under the substitution (6.10) the problem (1.1) reduces to the nondegenerate boundary value problem (2.28), (2.29) . Consider in L p (G;E) a degenerate boundary value problem of type (6.1) for the differential-operator equation 12) where G ⊂ R n is a region of cylindrical type, Under the substitution
the spaces L p (G;E) and W [2] p,γ (G;E(A),E) are mapped isomorphically onto the weighted spaces L p,γ (G;E) and W Moreover, under the substitution (6.13), the corresponding degenerate boundary value problem reduces to the nondegenerate boundary value problem (6.1).
7.
Nonlocal boundary value problems 7.1. Quasielliptic equations. The Fredholm property of boundary value problems for elliptic equations in smooth domains was studied in [1, 2, 3, 23] . The case of nonsmooth domains was treated in [17, 20, 27, 36] , for instance. Let Ω 0 = G × Ω, where Ω ⊂ R m , m ≥ 2, is a bounded domain with an (m − 1)-dimensional boundary ∂Ω which locally admits rectification. We consider a nonlocal boundary value problem for a quasielliptic It is required that for r = 1 problem (7.3), (7.4 ) (for r = 0 problem (7. 3), (7.5) (7.12) 
